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Enrichment over iterated monoidal categories
Stefan Forcey
Abstract Joyal and Street note in their paper on braided monoidal cate-
gories [9] that the 2–category V –Cat of categories enriched over a braided
monoidal category V is not itself braided in any way that is based upon the
braiding of V . The exception that they mention is the case in which V is
symmetric, which leads to V –Cat being symmetric as well. The symmetry
in V –Cat is based upon the symmetry of V . The motivation behind this
paper is in part to describe how these facts relating V and V –Cat are in
turn related to a categorical analogue of topological delooping. To do so
I need to pass to a more general setting than braided and symmetric cat-
egories — in fact the k–fold monoidal categories of Balteanu et al in [2].
It seems that the analogy of loop spaces is a good guide for how to define
the concept of enrichment over various types of monoidal objects, including
k–fold monoidal categories and their higher dimensional counterparts. The
main result is that for V a k–fold monoidal category, V –Cat becomes a
(k − 1)–fold monoidal 2–category in a canonical way. In the next paper I
indicate how this process may be iterated by enriching over V –Cat, along
the way defining the 3–category of categories enriched over V –Cat. In fu-
ture work I plan to make precise the n–dimensional case and to show how
the group completion of the nerve of V is related to the loop space of the
group completion of the nerve of V –Cat.
This paper is an abridged version of [8].
AMS Classification 18D10; 18D20
Keywords Loop spaces, enriched categories, n–categories, iterated mon-
oidal categories
1 Introduction
A major goal of higher dimensional category theory is to discover ways of ex-
ploiting the connections between homotopy coherence and categorical coher-
ence. Stasheff [15] and Mac Lane [13] showed that monoidal categories are
precisely analogous to 1–fold loop spaces. There is a similar connection be-
tween symmetric monoidal categories and infinite loop spaces. The first step in
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filling in the gap between 1 and infinity was made in [6] where it is shown that
the group completion of the nerve of a braided monoidal category is a 2–fold
loop space. In [2] the authors finished this process by, in their words, “pursuing
an analogy to the tautology that an n–fold loop space is a loop space in the
category of (n− 1)–fold loop spaces.” The first thing they focus on is the fact
that a braided category is a special case of a carefully defined 2–fold monoidal
category. Based on their observation of the correspondence between loop spaces
and monoidal categories, they iteratively define the notion of n–fold monoidal
category as a monoid in the category of (n − 1)–fold monoidal categories. In
their view “monoidal” functors should be defined in a more “lax” way than
is usual in order to avoid strict commutativity of 2–fold and higher monoidal
categories. In [2] a symmetric category is seen as a category that is n–fold
monoidal for all n.
The main result in [2] is that their definition of iterated monoidal categories
exactly corresponds to n–fold loop spaces for all n. They show that the group
completion of the nerve of an n–fold monoidal category is an n–fold loop space.
Then they describe an operad in the category of small categories which param-
eterizes the algebraic structure of an iterated monoidal category. They show
that the nerve of this categorical operad is a topological operad which is equiv-
alent to the little n–cubes operad. This latter operad, as shown in [3] and [14],
characterizes the notion of n–fold loop space. Thus the main result in [2] is a
categorical characterization of n–fold loop spaces.
The present paper pursues the hints of a categorical delooping that are sug-
gested by the facts that for a symmetric category, the 2–category of categories
enriched over it is again symmetric, while for a braided category the 2–category
of categories enriched over it is merely monoidal. Section 2 reviews enrich-
ment. Section 3 goes over the recursive definition of the k–fold monoidal cat-
egories of [2], altered here to include a coherent associator. The immediate
question is whether the delooping phenomenon happens in general for these
k–fold monoidal categories. The answer is yes, once enriching over a k–fold
monoidal category is carefully defined in Section 4, where we see that all the
information included in the axioms for the k–fold category is exhausted in the
process. The definition also provides for iterated delooping as is previewed in
Section 5.
I have organized the paper so that sections can largely stand alone, so please
skip them when able, and forgive redundancy when it occurs. Thanks to my ad-
visor, Frank Quinn, for inspirational suggestions. Thanks to XY-pic for the dia-
grams. Thanks especially to the authors of [2] for making their source available–
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I learned and borrowed from their use of LATEX as well as from their insights
into the subject matter.
2 Review of categories enriched over a monoidal cat-
egory
In this section I briefly review the definition of a category enriched over a
monoidal category V . Enriched functors and enriched natural transformations
make the collection of enriched categories into a 2-category V -Cat. This section
is not meant to be complete. It is included due to, and its contents determined
by, how often the definitions herein are referred to and followed as models in
the rest of the paper. The definitions and proofs can be found in more or less
detail in [10] and [5] and of course in [12].
Definition 1 For our purposes a monoidal category is a category V together
with a functor ⊗ : V × V → V and an object I such that:
(1) ⊗ is associative up to the coherent natural transformations α. The co-
herence axiom is given by the commuting pentagon:
((U ⊗ V )⊗W )⊗X
αUV W⊗1X//
α(U⊗V )WXxxqqq
qqq
qqq
q
(U ⊗ (V ⊗W ))⊗X
αU(V⊗W )X
&&MM
MMM
MMM
MM
(U ⊗ V )⊗ (W ⊗X)
αUV (W⊗X)
VVVVV
VV
**VVVV
VVV
U ⊗ ((V ⊗W )⊗X)
1U⊗αV WX
hhhhh
hh
tthhhhh
hh
U ⊗ (V ⊗ (W ⊗X))
(2) I is a strict 2-sided unit for ⊗.
Definition 2 A (small) V –Category A is a set |A| of objects, a hom-object
A(A,B) ∈ |V| for each pair of objects of A, a family of composition morphisms
MABC : A(B,C) ⊗ A(A,B) → A(A,C) for each triple of objects, and an
identity element jA : I → A(A,A) for each object. The composition morphisms
are subject to the associativity axiom which states that the following pentagon
commutes
(A(C,D) ⊗A(B,C))⊗A(A,B)
α //
M⊗1uukkkk
kkk
kkk
kkk
k
A(C,D)⊗ (A(B,C)⊗A(A,B))
1⊗M
))SSS
SSS
SSS
SSS
SS
A(B,D)⊗A(A,B)
M
,,YYYYY
YYYYYY
YYYYYY
YYYYYY
YYYYY
A(C,D) ⊗A(A,C)
M
rreeeeee
eeeeee
eeeeee
eeeeee
eeee
A(A,D))
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and to the unit axioms which state that both the triangles in the following
diagram commute.
I ⊗A(A,B)
=
**UUU
UUUU
UUUU
UUUU
UU
jB⊗1

A(A,B)⊗ I
1⊗jA

=
ttiiii
iiii
iiii
iiii
i
A(A,B)
A(B,B)⊗A(A,B)
MABB
44iiiiiiiiiiiiiiiii
A(A,B)⊗A(A,A)
MAAB
jjUUUUUUUUUUUUUUUUU
In general a V –category is directly analogous to an (ordinary) category enriched
over Set. If V = Set then these diagrams are the usual category axioms.
Definition 3 For V –categories A and B , a V –functor T : A → B is a
function T : |A| → |B| and a family of morphisms TAB : A(A,B)→ B(TA, TB)
in V indexed by pairs A,B ∈ |A|. The usual rules for a functor that state
T (f ◦g) = Tf ◦Tg and T1A = 1TA become in the enriched setting, respectively,
the commuting diagrams
A(B,C)⊗A(A,B)
M //
T⊗T

A(A,C)
T

B(TB, TC)⊗ B(TA, TB)
M // B(TA, TC)
and
A(A,A)
TAA

I
jA
66mmmmmmmmmmmmmmm
jTA ((QQ
QQQ
QQQ
QQQ
QQQ
Q
B(TA, TA).
V –functors can be composed to form a category called V –Cat. This category
is actually enriched over Cat, the category of (small) categories with cartesian
product.
Definition 4 For V –functors T, S : A → B a V –natural transformation α :
T → S : A → B is an |A|–indexed family of morphisms αA : I → B(TA,SA)
satisfying the V –naturality condition expressed by the commutativity of the
following hexagonal diagram:
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I ⊗A(A,B)
αB⊗TAB // B(TB,SB)⊗ B(TA, TB)
M
))TTT
TTTT
TTTT
TTTT
A(A,B)
=
77ppppppppppp
=
''NN
NNN
NNN
NNN
B(TA,SB)
A(A,B)⊗ I
SAB⊗αA
// B(SA,SB)⊗ B(TA,SA)
M
55jjjjjjjjjjjjjjj
For two V –functors T, S to be equal is to say TA = SA for all A and for
the V –natural isomorphism α between them to have components αA = jTA .
This latter implies equality of the hom–object morphisms: TAB = SAB for all
pairs of objects. The implication is seen by combining the second diagram in
Definition 2 with all the diagrams in Definitions 3 and 4.
We want to check that V –natural transformations can be composed so that
V –categories, V –functors and V –natural transformations form a 2–category.
First the vertical composite of V –natural transformations corresponding to the
picture
α

A
T

S
//
R
BB
β

B
has components given by (β ◦ α)A = I ∼= I ⊗ I
βA⊗αA

B(SA,RA)⊗ B(TA,SA)
M

B(TA,RA).
The reader should check that this composition produces a valid V –natural
transformation. Associativity of composition also follows from the pentagonal
axioms. The identity 2-cells are the identity V -natural transformations 1Q :
Q → Q : B → C. These are formed from the unit morphisms in V : (1Q)B =
jQB .
In order to define composition of all allowable pasting diagrams in the 2-
category, we need to define the composition described by left and right whisker-
ing diagrams. The first picture shows a 1-cell (V –functor) following a 2-cell
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(V –natural transformation). These are composed to form a new 2-cell as fol-
lows
α

A
T
&&
S
88 B
Q
// C
is composed to become
Qα

A
QT
&&
QS
88 C
where QT and QS are given by the usual compositions of their set functions and
morphisms in V , and Qα has components given by (Qα)A = I
αA

B(TA,SA)
QTA,SA

C(QTA,QSA).
The second picture shows a 2-cell following a 1-cell. These are composed as
follows
α

D
P // A
T
&&
S
88 B
is composed to become
αP

D
TP
&&
SP
88 B
where αP has components given by (αP )D = αPD . What we have developed
here are the partial functors of the composition morphism implicit in enriching
over Cat. The partial functors can be combined to make the functor of two
variables as shown in [5].
Having ascertained that we have a 2–category we review the morphisms between
two such things. A 2–functor F : U → V sends objects to objects, 1–cells to
1–cells, and 2–cells to 2–cells and preserves all the categorical structure. A
2–natural transformation θ : F → G : U → V is a function that sends each
object A ∈ U to a 1–cell θA : FA → GA in V in such a way that for each
2–cell in U the compositions of the following diagrams are equal in V .
Fα

FA
Ff
((
Fg
66 FB
θB // GB
=
Gα

FA
θA // GA
Gf
((
Gg
66 GB
3 k-fold monoidal categories
In this section I closely follow the authors of [2] in defining a notion of iterated
monoidal category. For those readers familiar with that source, note that I
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vary from their definition only by including associativity up to coherent nat-
ural isomorphisms. This includes changing the basic picture from monoids to
something that is a monoid only up to a monoidal natural transformation. We
(and in this section “we” is not merely imperial, since so much is directly from
[2]) start by defining a slightly nonstandard variant of monoidal functor. It is
usually required in a definition of monoidal functor that η be an isomorphism.
The authors of [2] note that it is crucial not to make this requirement.
Definition 5 A monoidal functor (F, η) : C → D between monoidal categories
consists of a functor F such that F (I) = I together with a natural transfor-
mation
ηAB : F (A)⊗ F (B)→ F (A⊗B),
which satisfies the following conditions.
(1) Internal Associativity: The following diagram commutes.
(F (A)⊗ F (B))⊗ F (C)
ηAB⊗1F (C)
//
α

F (A⊗B)⊗ F (C)
η(A⊗B)C

F (A)⊗ (F (B)⊗ F (C))
1F (A)⊗ηBC

F ((A⊗B)⊗ C)
Fα

F (A)⊗ F (B ⊗ C)
ηA(B⊗C)
// F (A⊗ (B ⊗ C))
(2) Internal Unit Conditions: ηAI = ηIA = 1F (A).
Given two monoidal functors (F, η) : C → D and (G, ζ) : D → E , we define
their composite to be the monoidal functor (GF, ξ) : C → E , where ξ denotes
the composite
GF (A)⊗GF (B)
ζF (A)F (B)
// G
(
F (A) ⊗ F (B)
) G(ηAB) // GF (A⊗B).
It is easy to verify that ξ satisfies the internal associativity condition above
by subdividing the necessary commuting diagram into two regions that com-
mute by the axioms for η and ζ respectively and two that commute due to
their naturality. MonCat is the monoidal category of monoidal categories and
monoidal functors, with the usual Cartesian product as in Cat.
A monoidal natural transformation θ : (F, η) → (G, ζ) : D → E is a natural
transformation θ : F → G between the underlying ordinary functors of F and
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G such that the following diagram commutes
F (A)⊗ F (B)
η
//
θA⊗θB

F (A⊗B)
θA⊗B

G(A)⊗G(B)
ζ
// G(A⊗B)
Definition 6 For our purposes a 2-fold monoidal category is a tensor object, or
pseudomonoid, in MonCat. This means that we are given a monoidal category
(V,⊗1, α
1, I) and a monoidal functor (⊗2, η) : V × V → V which satisfies:
(1) External Associativity: the following diagram describes a monoidal nat-
ural transformation α2 in MonCat.
V × V × V
(⊗2,η)×1V //
1V×(⊗2,η)

V × V
(⊗2,η)
α
2
qy kkkk
kkk
kkk
kkk
k
kkk
kkk
kkk
kkk
kk
V × V
(⊗2,η)
// V
(2) External Unit Conditions: the following diagram commutes in MonCat.
V × I
⊆
//
∼=
:
::
::
::
::
::
::
::
V × V
(⊗2,η)

I × V
⊇
oo
∼=








V
(3) Coherence: The underlying natural transformation α2 satisfies the usual
coherence pentagon.
Explicitly this means that we are given a second associative binary operation
⊗2 : V × V → V , for which I is also a two-sided unit. We are also given a
natural transformation
ηABCD : (A⊗2 B)⊗1 (C ⊗2 D)→ (A⊗1 C)⊗2 (B ⊗1 D).
The internal unit conditions give ηABII = ηIIAB = 1A⊗2B , while the exter-
nal unit conditions give ηAIBI = ηIAIB = 1A⊗1B . The internal associativity
condition gives the commutative diagram:
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((U ⊗2 V )⊗1 (W ⊗2 X))⊗1 (Y ⊗2 Z)
ηUV WX⊗11Y⊗2Z //
α1

(
(U ⊗1 W )⊗2 (V ⊗1 X)
)
⊗1 (Y ⊗2 Z)
η(U⊗1W )(V⊗1X)Y Z

(U ⊗2 V )⊗1 ((W ⊗2 X)⊗1 (Y ⊗2 Z))
1U⊗2V ⊗1ηWXY Z

((U ⊗1 W )⊗1 Y )⊗2 ((V ⊗1 X)⊗1 Z)
α1⊗2α
1

(U ⊗2 V )⊗1
(
(W ⊗1 Y )⊗2 (X ⊗1 Z)
) ηUV (W⊗1Y )(X⊗1Z) // (U ⊗1 (W ⊗1 Y ))⊗2 (V ⊗1 (X ⊗1 Z))
The external associativity condition gives the commutative diagram:
((U ⊗2 V )⊗2 W )⊗1 ((X ⊗2 Y )⊗2 Z)
η(U⊗2V )W (X⊗2Y )Z //
α2⊗1α
2

(
(U ⊗2 V )⊗1 (X ⊗2 Y )
)
⊗2 (W ⊗1 Z)
ηUV XY ⊗21W⊗1Z

(U ⊗2 (V ⊗2 W ))⊗1 (X ⊗2 (Y ⊗2 Z))
ηU(V⊗2W )X(Y⊗2Z)

((U ⊗1 X)⊗2 (V ⊗1 Y ))⊗2 (W ⊗1 Z)
α2

(U ⊗1 X) ⊗2
(
(V ⊗2 W )⊗1 (Y ⊗2 Z)
) 1U⊗1X⊗2ηV WY Z // (U ⊗1 X)⊗2 ((V ⊗1 Y )⊗2 (W ⊗1 Z))
The authors of [2] remark that we have natural transformations
ηAIIB : A⊗1 B → A⊗2 B and ηIABI : A⊗1 B → B ⊗2 A.
If they had insisted a 2-fold monoidal category be a tensor object in the category
of monoidal categories and strictly monoidal functors, this would be equivalent
to requiring that η = 1. In view of the above, they note that this would imply
A⊗1 B = A⊗2 B = B ⊗1 A and similarly for morphisms.
Joyal and Street [9] considered a similar concept to Balteanu, Fiedorowicz,
Schwa¨nzl and Vogt’s idea of 2–fold monoidal category. The former pair re-
quired the natural transformation ηABCD to be an isomorphism and showed
that the resulting category is naturally equivalent to a braided monoidal cat-
egory. As explained in [2], given such a category one obtains an equivalent
braided monoidal category by discarding one of the two operations, say ⊗2 ,
and defining the commutativity isomorphism for the remaining operation ⊗1
to be the composite
A⊗1 B
ηIABI // B ⊗2 A
η−1
BIIA // B ⊗1 A.
Just as in [2] we now define a 2–fold monoidal functor between 2–fold monoidal
categories F : V → D . It is a functor together with two natural transformations:
λ1AB : F (A) ⊗1 F (B)→ F (A⊗1 B)
λ2AB : F (A) ⊗2 F (B)→ F (A⊗2 B)
satisfying the same associativity and unit conditions as in the case of monoidal
functors. In addition we require that the following hexagonal interchange dia-
gram commutes.
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(F (A)⊗2 F (B))⊗1 (F (C)⊗2 F (D))
ηF (A)F (B)F (C)F (D)
//
λ2AB⊗1λ
2
CD

(F (A)⊗1 F (C))⊗2 (F (B)⊗1 F (D))
λ1AC⊗2λ
1
BD

F (A⊗2 B)⊗1 F (C ⊗2 D)
λ1
(A⊗2B)(C⊗2D)

F (A⊗1 C)⊗2 F (B ⊗1 D)
λ2
(A⊗1C)(B⊗1D)

F ((A⊗2 B)⊗1 (C ⊗2 D))
F (ηABCD) // F ((A⊗1 C)⊗2 (B ⊗1 D))
We can now define the category 2−MonCat of 2-fold monoidal categories
and 2-fold monoidal functors, and then define a 3-fold monoidal category as a
tensor object in 2−MonCat. From this point on, the iteration of this idea is
straightforward and, paralleling the authors of [2], we arrive at the following
definitions.
Definition 7 An n-fold monoidal category is a category V with the following
structure.
(1) There are n distinct multiplications
⊗1,⊗2, . . . ,⊗n : V × V → V
for each of which the associativity pentagon commutes:
((U ⊗i V )⊗iW )⊗i X
αiUV W⊗i1X//
αi
(U⊗iV )WXwwoo
ooo
ooo
ooo
(U ⊗i (V ⊗i W ))⊗i X
αi
U(V⊗iW )X
''OO
OOO
OOO
OOO
(U ⊗i V )⊗i (W ⊗i X)
αi
UV (W⊗iX)
++WWWW
WWWWW
WWWWW
WWWWW
W
U ⊗i ((V ⊗iW )⊗i X)
1U⊗iα
i
V WXssgggg
ggggg
ggggg
ggggg
g
U ⊗i (V ⊗i (W ⊗i X))
V has an object I which is a strict unit for all the multiplications.
(2) For each pair (i, j) such that 1 ≤ i < j ≤ n there is a natural transfor-
mation
η
ij
ABCD : (A⊗j B)⊗i (C ⊗j D)→ (A⊗i C)⊗j (B ⊗i D).
These natural transformations ηij are subject to the following conditions:
(a) Internal unit condition: ηijABII = η
ij
IIAB = 1A⊗jB
(b) External unit condition: ηijAIBI = η
ij
IAIB = 1A⊗iB
(c) Internal associativity condition: The following diagram commutes.
((U ⊗j V )⊗i (W ⊗j X))⊗i (Y ⊗j Z)
η
ij
UV WX
⊗i1Y⊗jZ //
αi

(
(U ⊗iW )⊗j (V ⊗i X)
)
⊗i (Y ⊗j Z)
η
ij
(U⊗iW )(V⊗iX)Y Z

(U ⊗j V )⊗i ((W ⊗j X)⊗i (Y ⊗j Z))
1U⊗jV ⊗iη
ij
WXY Z

((U ⊗iW )⊗i Y )⊗j ((V ⊗i X)⊗i Z)
αi⊗jα
i

(U ⊗j V )⊗i
(
(W ⊗i Y )⊗j (X ⊗i Z)
) ηijUV (W⊗iY )(X⊗iZ) // (U ⊗i (W ⊗i Y ))⊗j (V ⊗i (X ⊗i Z))
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(d) External associativity condition: The following diagram commutes.
((U ⊗j V )⊗j W )⊗i ((X ⊗j Y )⊗j Z)
η
ij
(U⊗jV )W (X⊗jY )Z //
αj⊗iα
j

(
(U ⊗j V )⊗i (X ⊗j Y )
)
⊗j (W ⊗i Z)
η
ij
UV XY
⊗j1W⊗iZ

(U ⊗j (V ⊗j W ))⊗i (X ⊗j (Y ⊗j Z))
η
ij
U(V⊗jW )X(Y⊗jZ)

((U ⊗i X)⊗j (V ⊗i Y ))⊗j (W ⊗i Z)
αj

(U ⊗i X)⊗j
(
(V ⊗j W )⊗i (Y ⊗j Z)
) 1U⊗iX⊗jη
ij
V WY Z // (U ⊗i X)⊗j ((V ⊗i Y )⊗j (W ⊗i Z))
(e) Finally it is required for each triple (i, j, k) satisfying 1 ≤ i < j < k ≤ n
that the giant hexagonal interchange diagram commutes.
((A ⊗k A
′)⊗j (B ⊗k B
′))⊗i ((C ⊗k C
′)⊗j (D ⊗k D
′))
η
jk
AA′BB′
⊗iη
jk
CC′DD′
ooo
ooo
ooo
o
wwooo
ooo
ooo
o
η
ij
(A⊗kA
′)(B⊗kB
′)(C⊗kC
′)(D⊗kD
′)
OOO
OOO
OOO
O
''OO
OOO
OOO
OO
((A⊗j B)⊗k (A
′ ⊗j B
′))⊗i ((C ⊗j D)⊗k (C
′ ⊗j D
′))
ηik
(A⊗jB)(A
′⊗jB
′)(C⊗jD)(C
′⊗jD
′)

((A⊗k A
′)⊗i (C ⊗k C
′))⊗j ((B ⊗k B
′)⊗i (D ⊗k D
′))
ηik
AA′CC′
⊗jη
ik
BB′DD′

((A⊗j B)⊗i (C ⊗j D))⊗k ((A
′ ⊗j B
′)⊗i (C
′ ⊗j D
′))
η
ij
ABCD
⊗kη
ij
A′B′C′D′
OOO
OOO
OOO
O
''OO
OOO
OOO
OO
((A⊗i C)⊗k (A
′ ⊗i C
′))⊗j ((B ⊗i D)⊗k (B
′ ⊗i D
′))
η
jk
(A⊗iC)(A
′⊗iC
′)(B⊗iD)(B
′⊗iD
′)
ooo
ooo
ooo
o
wwooo
ooo
ooo
o
((A⊗i C)⊗j (B ⊗i D))⊗k ((A
′ ⊗i C
′)⊗j (B
′ ⊗i D
′))
Definition 8 An n–fold monoidal functor (F, λ1, . . . , λn) : C → D between
n–fold monoidal categories consists of a functor F such that F (I) = I together
with natural transformations
λiAB : F (A)⊗i F (B)→ F (A⊗i B) i = 1, 2, . . . , n
satisfying the same associativity and unit conditions as monoidal functors. In
addition the following hexagonal interchange diagram commutes.
(F (A)⊗j F (B))⊗i (F (C)⊗j F (D))
η
ij
F (A)F (B)F (C)F (D)
//
λ
j
AB
⊗iλ
j
CD

(F (A)⊗i F (C))⊗j (F (B)⊗i F (D))
λiAC⊗jλ
i
BD

F (A⊗j B)⊗i F (C ⊗j D)
λi
(A⊗jB)(C⊗j D)

F (A⊗i C)⊗j F (B ⊗i D)
λ
j
(A⊗iC)(B⊗iD)

F ((A⊗j B)⊗i (C ⊗j D))
F (ηij
ABCD
)
// F ((A⊗i C)⊗j (B ⊗i D))
Composition of n-fold monoidal functors is defined as for monoidal functors.
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The authors of [2] point out that it is necessary to check that an (n + 1)–
fold monoidal category is the same thing as a tensor object in n−MonCat,
the category of n–fold monoidal categories and functors. Also as noticed in
[2], the hexagonal interchange diagrams for the (n + 1)–st monoidal operation
regarded as an n–fold monoidal functor are what give rise to the giant hexagonal
diagrams involving ⊗i , ⊗j and ⊗n+1 .
The authors of [2] note that a symmetric monoidal category is n-fold monoidal
for all n. Just let
⊗1 = ⊗2 = · · · = ⊗n = ⊗
and define (associators added by myself)
η
ij
ABCD = α
−1 ◦ (1A ⊗ α) ◦ (1A ⊗ (cBC ⊗ 1D)) ◦ (1A ⊗ α
−1) ◦ α
for all i < j .
4 Categories enriched over a k–fold monoidal cate-
gory
Theorem 1 For V a k–fold monoidal category V –Cat is a (k − 1)–fold
monoidal 2-category.
Example 1
We begin by describing the k = 2 case. V is 2–fold monoidal with products
⊗1,⊗2. V –categories (which are the objects of V –Cat) are defined as being
enriched over (V ,⊗1, α
1, I). Here ⊗1 plays the role of the product given by ⊗
in the axioms of section 1. We need to show that V –Cat has a product.
The unit object in V –Cat is the enriched category I where |I| = {0} and
I(0, 0) = I . Of course M000 = 1 = j0. The objects of the tensor A ⊗
(1)
1 B
of two V -categories A and B are simply pairs of objects, that is, elements of
|A| × |B|. The hom–objects in V are given by (A ⊗
(1)
1 B)((A,B), (A
′, B′)) =
A(A,A′) ⊗2 B(B,B
′). The composition morphisms that make A ⊗
(1)
1 B into
a V –category are immediately apparent as generalizations of the braided case.
Recall that we are describing A ⊗
(1)
1 B as a category enriched over V with
product ⊗1 . Thus
M(A,B)(A′,B′)(A′′,B′′) : (A⊗
(1)
1 B)((A
′, B′), (A′′, B′′))⊗1 (A⊗
(1)
1 B)((A,B), (A
′, B′))
→ (A⊗
(1)
1 B)((A,B), (A
′′, B′′))
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is given by:
(A⊗
(1)
1 B)((A
′, B′), (A′′, B′′))⊗1 (A⊗
(1)
1 B)((A,B), (A
′, B′))
(A(A′, A′′)⊗2 B(B
′, B′′))⊗1 (A(A,A
′)⊗2 B(B,B
′))
η1,2

(A(A′, A′′)⊗1 A(A,A
′))⊗2 (B(B
′, B′′)⊗1 B(B,B
′))
MAA′A′′⊗2MBB′B′′

(A(A,A′′)⊗2 B(B,B
′′))
(A⊗
(1)
1 B)((A,B), (A
′′, B′′))
Example 2
Next we describe the k = 3 case. V is 3–fold monoidal with products ⊗1,⊗2
and ⊗3 . V –categories are defined as being enriched over (V ,⊗1, α
1, I). Now
V –Cat has two products. The objects of both possible tensors A ⊗
(1)
1 B and
A ⊗
(1)
2 B of two V -categories A and B are elements in |A| × |B|. The hom–
objects in V are given by
(A⊗
(1)
1 B)((A,B), (A
′, B′)) = A(A,A′)⊗2 B(B,B
′)
just as in the previous case, and by
(A⊗
(1)
2 B)((A,B), (A
′, B′)) = A(A,A′)⊗3 B(B,B
′).
The composition that makes (A⊗
(1)
2 B) into a V –category is analogous to that
for (A⊗
(1)
1 B) but uses η
1,3 as its middle exchange morphism.
Now we need an interchange 2–natural transformation η(1)1,2 for V –Cat. The
family of morphisms η
(1)1,2
ABCD that make up a 2–natural transformation between
the 2–functors ×4V –Cat :→ V –Cat in question is a family of enriched functors.
Their action on objects is to send
((A,B), (C,D)) ∈
∣∣
∣(A⊗(1)2 B)⊗
(1)
1 (C ⊗
(1)
2 D)
∣∣
∣
to ((A,C), (B,D)) ∈
∣
∣∣(A⊗(1)1 C)⊗
(1)
2 (B ⊗
(1)
1 D)
∣
∣∣ .
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The correct construction of the family of hom–object morphisms in V –Cat for
each of these functors is also clear. Noting that
[(A⊗
(1)
2 B)⊗
(1)
1 (C ⊗
(1)
2 D)](((A,B), (C,D)), ((A
′ , B′), (C ′,D′)))
= (A⊗
(1)
2 B)((A,B), (A
′, B′))⊗2 (C ⊗
(1)
2 D)((C,D), (C
′,D′))
= (A(A,A′)⊗3 B(B,B
′))⊗2 (C(C,C
′)⊗3 D(D,D
′))
and similarly
[(A⊗
(1)
1 C)⊗
(1)
2 (B ⊗
(1)
1 D)](((A,C), (B,D)), ((A
′ , C ′), (B′,D′)))
= (A(A,A′)⊗2 C(C,C
′))⊗3 (B(B,B
′)⊗2 D(D,D
′))
we make the obvious identification, where by obvious I mean based upon the
corresponding structure in V. For a detailed discussion of this construction for
the case of braided V see [8]. Here “based upon” is more freely interpreted as
allowing a shift in index. Thus we write:
η
(1)1,2
ABCD(ABCD)(A′B′C′D′)
= η2,3
A(A,A′)B(B,B′)C(C,C′)D(D,D′)
Much needs to be verified. Existence and coherence of required natural trans-
formations, satisfaction of enriched axioms and of k–fold monoidal axioms all
must be checked. These will be dealt with next.
Proof of Theorem 1 As in the examples, V –Cat is made up of categories en-
riched over (V ,⊗1, α
1, I). Here we define products ⊗
(1)
1 . . .⊗
(1)
k−1 in V –Cat for
V k–fold monoidal. We check that our products do make A⊗
(1)
2 B into a V –
category. Then we check that V –Cat has the required coherent 2–natural trans-
formations of associativity and units. We then define interchange 2–natural
transformations η(1)i,j and check that the interchange transformations are 2–
natural and obey all the axioms required of them. It is informative to observe
how these axioms are satisfied based upon the axioms that V itself satisfies. It is
here that we should look carefully for the algebraic reflection of the topological
functor Ω.
Again, the unit object in V –Cat is the enriched category I where |I| = {0} and
I(0, 0) = I . For V k–fold monoidal we define the ith product of V –categories
A⊗
(1)
i B to have objects ∈ |A| × |B| and to have hom–objects in V given by
(A⊗
(1)
i B)((A,B), (A
′, B′)) = A(A,A′)⊗i+1 B(B,B
′).
Immediately we see that V –Cat is (k − 1)–fold monoidal by definition. The
composition morphisms are
M(A,B)(A′,B′)(A′′,B′′) : (A⊗
(1)
i B)((A
′, B′), (A′′, B′′))⊗1 (A⊗
(1)
i B)((A,B), (A
′, B′))
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→ (A⊗
(1)
i B)((A,B), (A
′′, B′′))
given by
(A⊗
(1)
i B)((A
′, B′), (A′′, B′′))⊗1 (A⊗
(1)
i B)((A,B), (A
′, B′))
(A(A′, A′′)⊗i+1 B(B
′, B′′))⊗1 (A(A,A
′)⊗i+1 B(B,B
′))
η1,i+1

(A(A′, A′′)⊗1 A(A,A
′))⊗i+1 (B(B
′, B”)⊗1 B(B,B
′))
MAA′A′′⊗2MBB′B′′

(A(A,A′′)⊗i+1 B(B,B
′′))
(A⊗
(1)
i B)((A,B), (A
′′, B′′)).
The identity element is given by j(A,B) = I = I ⊗i+1 I
jA⊗i+1jB

A(A,A)⊗i+1 B(B,B)
(A⊗
(1)
i B)((A,B), (A,B)).
The product ⊗
(1)
i of enriched functors is defined in the obvious way.
Here we first check that A ⊗
(1)
i B is indeed properly enriched over V. Our
definition of M must obey the axioms for associativity and respect of the unit.
For associativity the following diagram must commute, where the initial bullet
represents
[(A⊗
(1)
i B)((A
′′, B′′), (A′′′, B′′′))⊗1 (A⊗
(1)
i B)((A
′, B′), (A′′, B′′))]
⊗1(A⊗
(1)
i B)((A,B), (A
′, B′)).
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• α //
M⊗1







•
1⊗M
1
11
11
11
11
11
11
•
M
  B
BB
BB
BB
BB
BB
BB
BB
BB
•
M
~~||
||
||
||
||
||
||
||
|
•
In the expanded diagram given in Figure 1 let X = A(A,A′), X ′ = A(A′, A′′),
X ′′ = A(A′′, A′′′), Y = B(B,B′), Y ′ = B(B′, B′′) and Y ′′ = B(B′′, B′′′). The
exterior of the diagram is required to commute.
The lower pentagon in Figure 1 commutes since it is two copies of the asso-
ciativity axiom–one for A and one for B. The two diamonds commute by the
naturality of η. The upper hexagon commutes by the internal associativity of
η.
For the unit axioms we have the following compact diagram.
I ⊗1 (A⊗
(1)
i B)((A,B), (A
′, B′))
=
**VVV
VVVV
VVVV
VVVV
VVV
j(A′,B′)⊗11

(A⊗
(1)
i B)((A,B), (A
′, B′))⊗1 I
1⊗1j(A,B)

=
tthhhh
hhhh
hhhh
hhhh
h
(A⊗
(1)
i B)((A,B), (A
′, B′))
(A⊗
(1)
i B)((A
′, B′), (A′, B′))⊗1 (A⊗
(1)
i B)((A,B), (A
′, B′))
M(A,B)(A′,B′)(A′,B′)hhhhhh
44hhhhhh
(A⊗
(1)
i B)((A,B), (A
′, B′))⊗1 (A⊗
(1)
i B)((A,B), (A,B))
M(A,B)(A,B)(A′,B′)VVVVVV
jjVVVVVV
I expand the left triangle, abbreviating X = A(A,A′), Y = A(A′, A′), Z =
B(B,B′) and W = B(B′, B′). The exterior of the following must commute:
I ⊗1 (X ⊗i+1 Z)
=

=
++WWWW
WWWWW
WWWWW
WWWWW
W
(I ⊗1 X)⊗i+1 (I ⊗1 Z)
=
))TTT
TTTT
TTTT
TTTT
(jA′⊗11)⊗i+1(jB′⊗11)

(I ⊗i+1 I)⊗1 (X ⊗i+1 Z)
(jA′⊗i+1jB′ )⊗1(1⊗i+11)

η
1,i+1
IIXZ
33gggggggggggggggggggg
(X ⊗i+1 Z)
(Y ⊗1 X)⊗i+1 (W ⊗1 Z)
M⊗i+1M
55jjjjjjjjjjjjjjj
(Y ⊗i+1 W )⊗1 (X ⊗i+1 Z)
η
1,i+1
Y WXZ
33gggggggggggggggggggg
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η1,i+1⊗11
		








[(X ′′ ⊗i+1 Y
′′)⊗1 (X
′ ⊗i+1 Y
′)]
⊗1(X ⊗i+1 Y )−
α1 →(X ′′ ⊗i+1 Y ′′)
⊗1 [(X
′ ⊗i+1 Y
′)⊗1 (X ⊗i+1 Y )]
1⊗1η
1,i+1
*
**
**
**
**
**
**
*
[(X ′′ ⊗1 X
′)⊗i+1 (Y
′′ ⊗1 Y
′)]⊗1 (X ⊗i+1 Y )
(M⊗i+1M)⊗1(1⊗i+11)





















































η1,i+1
*
**
**
**
**
**
**
*
(X ′′ ⊗i+1 Y
′′)⊗1 [(X
′ ⊗1 X)⊗i+1 (Y
′ ⊗1 Y )]
η1,i+1









(1⊗i+11)⊗1(M⊗i+1M)
4
44
44
44
44
44
44
44
44
44
44
44
44
44
44
44
44
44
(M⊗11)⊗i+1(M⊗11)










[(X ′′ ⊗1 X
′)⊗1 X ]
⊗i+1[(Y
′′ ⊗1 Y
′)⊗1 Y ]−
α1⊗i+1α
1
→[X ′′ ⊗1 (X ′ ⊗1 X)]
⊗i+1 [Y
′′ ⊗1 (Y
′ ⊗1 Y )]
(1⊗1M)⊗i+1(1⊗1M)
)
))
))
))
))
))
))
))
)
(A(A′, A′′′)⊗i+1 B(B
′, B′′′))⊗1 (X ⊗i+1 Y )
η1,i+1
((QQ
QQQ
QQQ
QQQ
QQQ
QQ
(X ′′ ⊗i+1 Y
′′)⊗1 (A(A,A
′′)⊗i+1 B(B,B
′′))
η1,i+1
vvmmm
mmm
mmm
mmm
mmm
m
(A(A′, A′′′)⊗1 X)⊗i+1 (B(B
′, B′′′)⊗1 Y )
M⊗i+1M
HH
HH
HH
HH
HH
H
$$H
HH
HH
HH
HH
HH
(X ′′ ⊗1 A(A,A
′′))⊗i+1 (Y
′′ ⊗1 B(B,B
′′))
M⊗i+1M
vv
vv
vv
vv
vv
v
zzvv
vv
vv
vv
vv
v
A(A,A′′′)⊗i+1 B(B,B
′′′)
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The parallelogram commutes by naturality of η , the rightmost triangle by the
unit axioms of the individual V –categories, and the top triangle by the internal
unit condition for η. The right-hand triangle in the axiom is checked similarly.
On a related note, we need to check that I ⊗
(1)
i A = A The object sets and
hom–objects of the two categories in question are clearly equivalent. What
needs to be checked is that the composition morphisms are the same. Note
that the composition given by
(I ⊗
(1)
i A)((0, A
′), (0, A′′))⊗1 (I ⊗
(1)
i A)((0, A), (0, A
′))
(I ⊗i+1 A(A
′, A′′))⊗1 (I ⊗i+1 A(A,A
′))
η
1,i+1
IA(A′ ,A′′)IA(A,A′)

(I ⊗1 I)⊗i+1 (A(A
′, A′′)⊗1 A(A,A
′))
1⊗i+tMAA′A′′

(I ⊗i+1 A(A,A
′′))
(I ⊗
(1)
i A)((0, A), (0, A
′′))
is equivalent to simply MAA′A′′ by the external unit condition for η.
Associativity in V –Cat must hold for each ⊗
(1)
i . The components of 2–natural
isomorphism
α
(1)i
ABC : (A⊗
(1)
i B)⊗
(1)
i C → A⊗
(1)
i (B ⊗
(1)
i C)
are V –functors that send ((A,B),C) to (A,(B,C)) and whose hom-components
α
(1)i
ABC((A,B),C)((A′ ,B′),C′)
: [(A⊗
(1)
i B)⊗
(1)
i C](((A,B), C), ((A
′, B′), C′))
→ [A⊗
(1)
i (B ⊗
(1)
i C)]((A, (B,C)), (A
′, (B′, C′)))
are given by:
α
(1)i
ABC((A,B),C)((A′,B′),C′)
= αi+1
A(A,A′)B(B,B′)C(C,C′)
This guarantees that the 2–natural isomorphism α(1)i is coherent. The com-
mutativity of the pentagon for the objects is trivial, and the commutativity of
the pentagon for the hom–object morphisms follows directly from the commu-
tativity of the pentagon for αi+1.
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In order to be a functor the associator components must satisfy the commuta-
tivity of the diagrams in Definition 3.
(1) •
M //
α(1)i⊗α(1)i

•
α(1)i

• M // •
(2) •
α(1)i

I
j((A,B),C)
88qqqqqqqqqqqqq
j(A,(B,C))
&&MM
MMM
MMM
MMM
MM
•
Expanding the first using the definitions just given we have that the initial
position in the diagram is
[(A⊗
(1)
i B)⊗
(1)
i C](((A
′, B′), C ′), ((A′′, B′′), C ′′))⊗1[(A⊗
(1)
i B)⊗
(1)
i C](((A,B), C), ((A
′, B′), C ′))
= [(A(A′, A′′)⊗i+1B(B
′, B′′))⊗i+1C(C
′, C ′′)]⊗1[(A(A,A
′)⊗i+1B(B,B
′))⊗i+1C(C,C
′)]
We let X = A(A′, A′′), Y = B(B′, B′′), Z = C(C ′, C ′′), X ′ = A(A,A′),
Y ′ = B(B,B′) and Z ′ = C(C,C ′). Then expanding the diagram, with an added
interior arrow, we have:
[(X ⊗i+1 Y )⊗i+1 Z]⊗1 [(X
′ ⊗i+1 Y
′)⊗i+1 Z
′]
η
1,i+1
(X⊗i+1Y )Z(X
′⊗i+1Y
′)Z′
LLL
LLL
LL
&&LL
LLL
LL
Lα
i+1⊗1α
i+1
qqq
qqq
qqq
q
xxqqq
qqq
qqq
q
[X ⊗i+1 (Y ⊗i+1 Z)]⊗1 [X
′ ⊗i+1 (Y
′ ⊗i+1 Z
′)]
η
1,i+1
X(Y⊗i+1Z)X
′(Y ′⊗i+1Z
′)

[(X ⊗i+1 Y )⊗1 (X
′ ⊗i+1 Y
′)]⊗i+1 (Z ⊗1 Z
′)
η
1,i+1
XY X′Y ′
⊗i+11Z⊗1Z′

(X ⊗1 X
′)⊗i+1 [(Y ⊗i+1 Z)⊗1 (Y
′ ⊗i+1 Z
′)]
1X⊗1X′
⊗i+1η
1,i+1
Y ZY ′Z′

[(X ⊗1 X
′)⊗i+1 (Y ⊗1 Y
′)]⊗i+1 (Z ⊗1 Z
′)
(M⊗i+1M)⊗i+1M

αi+1
hhhh
hhhh
hhhh
hhhh
hh
tthhhh
hhhh
hhhh
hhhh
hh
(X ⊗1 X
′)⊗i+1 [(Y ⊗1 Y
′)⊗i+1 (Z ⊗1 Z
′)]
M⊗i+1(M⊗i+1M)
MMM
MMM
MMM
M
&&MM
MMM
MMM
MM
(A(A,A′′)⊗i+1 B(B,B
′′))⊗i+1 C(C,C
′′)
αi+1
rrr
rrr
rrr
r
xxrrr
rrr
rrr
r
A(A,A′′)⊗i+1 (B(B,B
′′)⊗i+1 C(C,C
′′))
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The lower quadrilateral commutes by naturality of α, and the upper hexagon
commutes by the external associativity of η.
The uppermost position in the expanded version of diagram number (2) is
[(A⊗
(1)
i B)⊗
(1)
i C](((A,B), C), ((A,B), C))
= [(A(A,A) ⊗i+1 B(B,B))⊗i+1 C(C,C)].
The expanded diagram is easily seen to commute by the naturality of α.
The 2–naturality of α(1) is essentially just the naturality of its components,
but I think it ought to be expounded upon. Since the components of α(1)
are V –functors the whisker diagrams for the definition of 2–naturality are de-
fined by the whiskering in V –Cat. Given an arbitrary 2–cell in ×3V –Cat, i.e.
(β, γ, ρ) : (Q,R, S) → (Q′, R′, S′) : (A,B, C) → (A′,B′, C′) the diagrams whose
composition must be equal are:
(β⊗
(1)
i γ)⊗
(1)
i ρ

(A⊗
(1)
i B)⊗
(1)
i C
(Q⊗
(1)
i R)⊗
(1)
i S
((
(Q′⊗
(1)
i R
′)⊗
(1)
i S
′
66
(A′ ⊗
(1)
i B
′)⊗
(1)
i C
′
α
(1)i
A′B′C′ // A′ ⊗
(1)
i (B
′ ⊗
(1)
i C
′)
=
β⊗
(1)
i
(γ⊗
(1)
i
ρ)

(A⊗
(1)
i B)⊗
(1)
i C
α
(1)i
ABC // A⊗
(1)
i (B ⊗
(1)
i C)
Q⊗
(1)
i (R⊗
(1)
i S)
((
Q′⊗
(1)
i (R
′⊗
(1)
i S
′)
66
A′ ⊗
(1)
i (B
′ ⊗
(1)
i C
′)
This is quickly seen to hold when we translate using the definitions of whiskering
in V –Cat, as follows. The ABCD components of the new 2–cells are given by
the exterior legs of the following diagram. They are equal by naturality of αi+1
and Mac Lane’s coherence theorem.
I
=
++WWWW
WWWWW
WWWWW
WWWWW
WWWWW
=
ssggggg
ggggg
ggggg
ggggg
gggg
(I ⊗i+1 I)⊗i+1 I
αi+1 //
(βA⊗i+1γB⊗i+1)ρC

I ⊗i+1 (I ⊗i+1 I)
βA⊗i+1(γB⊗i+1ρC)

(A′(QA,Q′A)⊗i+1 B
′(RB,R′B))⊗i+1 C
′(SC,S′C)
αi+1 // A′(QA,Q′A)⊗i+1 (B
′(RB,R′B)⊗i+1 C
′(SC,S′C))
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Now we turn to consider the existence and behavior of interchange 2–natural
transformations η(1)ij for j ≥ i + 1. As in the example, we define the com-
ponent morphisms η
(1)i,j
ABCD that make a 2–natural transformation between 2–
functors. Each component must be an enriched functor. Their action on objects
is to send ((A,B), (C,D)) ∈
∣
∣∣(A⊗(1)j B)⊗
(1)
i (C ⊗
(1)
j D)
∣
∣∣ to ((A,C), (B,D)) ∈
∣
∣∣(A⊗(1)i C)⊗
(1)
j (B ⊗
(1)
i D)
∣
∣∣. The hom–object morphisms are given by:
η
(1)i,j
ABCD(ABCD)(A′B′C′D′)
= ηi+1,j+1
A(A,A′)B(B,B′)C(C,C′)D(D,D′)
For this designation of η(1) to define a valid V –functor, it must obey the axioms
for compatibility with composition and units. We need commutativity of the
following diagram, where the first bullet represents
[(A⊗
(1)
j B)⊗
(1)
i (C ⊗
(1)
j D)](((A
′, B′), (C′, D′)), ((A′′, B′′), (C′′, D′′)))
⊗1[(A⊗
(1)
j B)⊗
(1)
i (C ⊗
(1)
j D)](((A,B), (C,D)), ((A
′ , B′), (C′, D′)))
and the last bullet represents
[(A⊗
(1)
i C)⊗
(1)
j (B ⊗
(1)
i D)](((A,C), (B,D)), ((A
′′ , C′′), (B′′, D′′))).
• M //
η(1)i,j⊗1η
(1)i,j

•
η(1)i,j

•
M
// •
If we let X = A(A,A′), Y = B(B,B′), Z = C(C,C ′), W = D(D,D′), X ′ =
A(A′, A′′), Y ′ = B(B′, B′′), Z ′ = C(C ′, C ′′) and W ′ = D(D′,D′′) then the
expanded diagram is given in Figure 2. The exterior must commute.
The lower quadrilateral in Figure 2 commutes by naturality of η and the upper
hexagon commutes since it is an instance of the giant hexagonal interchange.
As for α(1) , the compatibility with the unit of η(1)i,j follows directly from
the naturality of ηi+1,j+1 and the fact that j[(A,B),(C,D)] = [(jA ⊗j+1 jB) ⊗i+1
(jC ⊗j+1 jD)].
Also the 2–naturality of η(1)i,j follows directly from the naturality of ηi+1,j+1
and the Mac Lane coherence theorem.
Since α(1) and η(1) are both defined based upon α and η their V –functor com-
ponents satisfy all the axioms of the definition of a k–fold monoidal category.
At this level of course it is actually a k–fold monoidal 2–category.
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[(X ′ ⊗j+1 Y
′)⊗i+1 (Z
′ ⊗j+1 W
′)]⊗1 [(X ⊗j+1 Y )⊗i+1 (Z ⊗j+1 W )]
η
1,i+1
(X′⊗j+1Y
′)(Z′⊗j+1W
′)(X⊗j+1Y )(Z⊗j+1W )
OOO
OOO
OOO
OOO
''OO
OOO
OOO
OOO
Oη
i+1,j+1
X′Y ′Z′W ′
⊗1η
i+1,j+1
XY ZW
ooo
ooo
ooo
ooo
o
wwooo
ooo
ooo
ooo
o
[(X ′ ⊗i+1 Z
′)⊗j+1 (Y
′ ⊗i+1 W
′)]⊗1 [(X ⊗i+1 Z)⊗j+1 (Y ⊗i+1 W )]
η
1,j+1
(X′⊗i+1Z
′)(Y ′⊗i+1W
′)(X⊗i+1Z)(Y⊗i+1W )

[(X ′ ⊗j+1 Y
′)⊗1 (X ⊗j+1 Y )]⊗i+1 [(Z
′ ⊗j+1 W
′)⊗1 (Z ⊗j+1 W )]
η
1,j+1
X′Y ′XY
⊗i+1η
1,j+1
Z′W ′ZW

[(X ′ ⊗i+1 Z
′)⊗1 (X ⊗i+1 Z)]⊗j+1 [(Y
′ ⊗i+1 W
′)⊗1 (Y ⊗i+1 W )]
η
1,i+1
X′Z′XZ
⊗j+1η
1,i+1
Y ′W ′Y W

[(X ′ ⊗1 X)⊗j+1 (Y
′ ⊗1 Y )]⊗i+1 [(Z
′ ⊗1 Z)⊗j+1 (W
′ ⊗1 W )]
[MAA′A′′⊗j+1MBB′B′′ ]⊗i+1[MCC′C′′⊗j+1MDD′D′′ ]

η
i+1,j+1
(X′⊗1X)(Y
′⊗1Y )(Z
′⊗1Z)(W
′⊗1W )
ggggg
ggggg
ggggg
ggggg
ggg
ssggggg
ggggg
ggggg
ggggg
ggg
[(X ′ ⊗1 X)⊗i+1 (Z
′ ⊗1 Z)]⊗j+1 [(Y
′ ⊗1 Y )⊗i+1 (W
′ ⊗1 W )]
[MAA′A′′⊗i+1MCC′C′′ ]⊗j+1[MBB′B′′⊗i+1MDD′D′′ ]
OOO
OOO
OOO
OOO
OO
''OO
OOO
OOO
OOO
OOO
[A(A,A′′)⊗j+1 B(B,B
′′)]⊗i+1 [C(C,C
′′)⊗j+1 D(D,D
′′)]
η
i+1,j+1
A(A,A′′)B(B,B′′)C(C,C′′)D(D,D′′)
ooo
ooo
ooo
ooo
wwooo
ooo
ooo
ooo
[A(A,A′′)⊗i+1 C(C,C
′′)]⊗j+1 [B(B,B
′′)⊗i+1 D(D,D
′′)]
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4
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0
0
4
)
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Notice that we have used all the axioms of a k–fold monoidal category. The
external and internal unit conditions imply the unital nature of V –Cat and
the unit axioms for a product of V –categories respectively. The external and
internal associativities give us respectively the V –functoriality of α(1) and the
associativity of the composition morphisms for products of V –categories. This
reflects the dual nature of the latter two axioms that was pointed out for
the braided case in [8]. Finally the giant hexagon gives us precisely the V –
functoriality of η(1). Notice also that we have used in each case the instance of
the axiom corresponding to i = 1; j = 2 . . . k. The remaining instances will be
used as we iterate the categorical delooping.
5 Further questions
For V k–fold monoidal we have demonstrated that V –Cat is (k − 1)–fold
monoidal. By induction we have that this process continues, i.e. that V –n–Cat
= V –(n− 1)–Cat–Cat is (k − n)–fold monoidal for k > n. For example, let us
expand our description of the next level: the fact that V –2–Cat = V –Cat–Cat
is (k − 2)–fold monoidal. Now we are considering enrichment over V –Cat. All
the constructions in the proof above are recursively repeated. The unit V –
2–category is denoted as I where |I | = {0} and I (0,0) = I. Products of
V –2–categories are given by U ⊗
(2)
i W for i = 1 . . . k− 2. Objects are pairs of
objects as usual, and that there are exactly k − 2 products is seen when the
definition of hom–objects is given. In V –2–Cat,
[U ⊗
(2)
i W ]((U,W ), (U
′,W ′)) = U (U,U ′)⊗
(1)
i+1 W (W,W
′).
Thus we have that
[U ⊗
(2)
i W ]((U,W ), (U
′,W ′))((f, f ′), (g, g′))
= [U (U,U ′)⊗
(1)
i+1 W (W,W
′)]((f, f ′), (g, g′))
= U (U,U ′)(f, g) ⊗i+2 W (W,W
′)(f ′, g′).
The definitions of α(2)i and η(2)i,j are just as in the lower case. For instance,
α(2)i will now be a 3–natural transformation, that is, a family of V –2–functors
α
(2)i
U V W
: (U ⊗
(2)
i V )⊗
(2)
i W → U ⊗
(2)
i (V ⊗
(2)
i W ).
To each of these is associated a family of V –functors
α
(2)i
U V W(U,V,W )(U′,V ′,W ′)
= α
(1)i+1
U(U,U ′)V(V,V ′)W(W,W ′)
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to each of which is associated a family of hom–object morphisms:
α
(2)i
U V W(U,V,W )(U′,V ′,W ′)
(f,g,h)(f ′,g′,h′)
= αi+2
U(U,U ′)(f,f ′)V(V,V ′)(g,g′)W(W,W ′)(h,h′)
Verifications that these define a valid (k−2)–fold monoidal 3–category all follow
just as in the lower dimensional case. The facts about the V –functors are shown
by using the original k–fold monoidal category axioms that involve i=2.
In the next paper [7] my aim is to show how enrichment increases categorical
dimension as it decreases monoidalness. That paper also includes the definitions
of V –n–categories and of the morphisms of V –n–Cat. In further work I want
to relate enrichment more precisely to topological delooping as well as to other
categorical constructions that have similar topological implications.
In [16] Street defines the nerve of a strict n–category. Recently Duskin in [4]
has worked out the description of the nerve of a bicategory. This allows us to
ask whether these nerves will prove to be the logical link to loop spaces for
higher dimensional iterated monoidal categories.
Passing to the category of enriched categories basically reduces the number of
products so that for V a k–fold monoidal n–category, V –Cat becomes a (k−1)–
fold monoidal (n + 1)–category. This picture was anticipated by Baez and
Dolan [1] in the context where the k–fold monoidal n–category is specifically
a (weak) (n + k)–category with only one object, one 1–cell, etc. up to only
one k–cell. Their version of categorical delooping simply consists of creating
from a monoidal category V the one object bicategory that has its morphisms
the objects of V. Relating the two versions of delooping is important to an
understanding of how categories model spaces.
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